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1. INTRODUCTION 


GENERALISING the well-known result that the wave equations of the electron 
and the meson can both be put in the linear form 


a By $+ xe =0 (u = 1, 2, 3, 4) (1) 


it has been shown elsewhere®”® that, under suitable assumptions, (1) can 
also be taken as the wave equation for a particle of arbitrary spin. This 
is shown possible by postulating the relativistic invariance of (1), and that 
the spin operator ¢,,= iSyy satisfies in every case the equation 


lay (B,, Site By Bu) = (Bis B,). (2) 
These assumptions with the further one that the eigen-values of the spin 
operator for a particle of spin r are r, r—1,....—r-+ 1, —r enable the 


setting up of a hypercomplex algebra generated by the symbols 8, and 
the unit element, reducing in the particular cases of r= 4, and r=1 to 
the Dirac and meson algebras respectively. The algebra for the case 
r= can also be dealt with in a simple manner as shown in detail 


elsewhere.® 


The particular case of the algebra of meson matrices has been general- 
ised by Schrodinger? and Kemmer®{ for the case where more than four 
elements f, exist. The former has considered the case of five elements, and 
the latter the case of an arbitrary number s of elements. The object of the 
present paper is to show that this generalisation from four to s elements 
B, is also possible in the case of the algebra associated with a particle of 


arbitrary spin r or r+ 3. 


The method adopted in showing this is based on the. result deduced 
by Bhabha?? as a consequence of (2) that the problem of finding irreducible 


* Paper read before the Annual Conference of the Indian Academy of Sciences at 
Allahabad, December 1946, 
¢ This reference will be denoted hereafter as K, 
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representations of the 8-algebra is the same as that of finding all irreducible 
representations of the Lorentz group in five dimensions (see also Lubanski’). 
In fact, this result follows from the relations 


(B,, iy) +7 Sys (ties B,) ie Bu (3) 


which are immediate consequences of (2), and the relativistic invariance of 
(1). Further, as is well known, the above problem concerning the Lorentz 
group in five dimensions is identical with the corresponding problem for 
the real orthogonal group in five dimensions except for the formal process 
of assigning imaginary values to the parameters involved. It is obvious that, 
if the relations (2) and (3) also hold when there are s elements Bee the 
representations of the corresponding fB-algebra would be the same as those 
of the real orthogonal group of s + 1 dimensions. 


Employing this method, we use the well-known results relating to the 
real orthogonal group of n dimensions (n = 2k + 1 or 2k) to derive the 
number and order of the several irreducible representations of the general- 
ised s-element f-algebra corresponding to spin r and r+ 4 (r being a 
positive integer). In particular, for r= 1 we get an alternative derivation 
of Kemmer’s results for the meson algebra, and equally simple results for 
the algebra of spin 8. 


2. METHOD OF DERIVING REPRESENTATIONS 


An alternative formulation of the theory of the linear wave equation 
(1) has been given by Kramers, Belinfante and Lubanskit in terms of 
quantities known as undors which transform like products of several Dirac 
spinors. On this formulation, the wave function in (1), for the general 
case of spin r, would be an undor of rank 2 r (= N) and has 4 components. 
The matrices 8, are given by 
N 
Bu = 2 yor 
and, 
Ni baae Ue oS. Gy. PLP, 
G) (a) (i) (N) 
Seen ee i : ae eine fie Cake mace Hai 
j- ints representation of the B.,’s is identical 
with the general spinor representation discovered by Cartan a the ortho- 
gonal group and investigated by Brauer and Weyl in detail (see Weyl’) 
As shown by them, every representation of the n-dimensional orthogonal 


group is contained in the Kronecker product of a certain basic representa- 
tion with itself taken a sufficient number of times. — 
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Accordingly we assume that the representations of the algebra generated 
by the 8,’s are contained in the direct product 


AX... .(2 ror.2‘r + 1,times)....X A (4) 


according as the spin is r or r + 3, where A is the basic spin representation 
of the rotation group in n dimensions (see Murnaghan*!°), Any general 
representation of the orthogonal group specified by the k parameters 


Mee Age aie ape (n=2k +1, or 2k) 
is denoted by I), and the basic representation would, in this notation, 


be I7a 2) * The successive direct products of A by itself can be analysed 
according to the rule [M., p. 313 (10-21)] 

AX IQy= 2 Tp +3) (5) 
the summation on the right being over the 2° sets (p) which are obtained 
from the set (A) by either replacing A; by A; — 1 or by leaving it unaltered 
(it being understood that any set (p) for which the normal non-increasing 
order is not preserved or which contains a negative number is to be 
dropped). 

The order of any representation I,,) is given by M. (10°22) and (10-27) 
or by the equivalent formule [M. (9-46) and (9-47). p. 260] 





24 / 4 E 19 9) 
8 She oe ae Se ay ee oD IT (,?—l (6, a) 
dia) Oki primer 2 £ wea 7) 
for the case mn = 2k +1, and 
ph k ee } 
Gans Se tN 8 Te A) TR EE BRO ap TR eeG 
ty Opler hi sent Lake sw) aoe (6, B) 
one k dre | 
Se 2-51, IPSS Sey pe) tap Fae a 0] 
7 OAD ATI ea? as lk J 
for the case n = 2k, 
where I, = Ay + (k — 1); lp = A, + (k= 2),.. 0s Te = Ye (7) 
and . Laat 


If we consider the algebra of the s elements B,, the order of the 
corresponding orthogonal group is s +1, so that we write 


n= sl \ 
and for s even, n=2k-+1 or, k= 4s | (8) 
for s odd, n=2k or, k=4(s4+1) J 


* This reference will be denoted hereafter as M. 
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3. MESON ALGEBRA AND ALGEBRA FOR SPIN 3/2 


Let us first consider the meson algebra. The representations of this 
algebra are contained in the direct product AX A whose analysis is ex- 
plicitly given in M. (10-14), p. 309 as 


pnd ed Fad Mle Lh | 9a 
Ak med reps ‘ - @ 


VER te ee Bs ae ra Mm. —_ 
Sg een es Teta b + Te (= Tet Tes n= 2k 08) 

Since I’ and I'* coincide over the rotation group, we have (k + 1) or 
(k + 2) representations according as n=2k-+1 or 2k. The additional 
representation in the latter case is due to the fact that for n = 2k, the 
two-valued representation I", is the sum of two irreducible inequivalent 
representations I",’ and I,” of equal orders. In fact, these are the twin 
representations of Kemmer for the case where the number of elements 
s is odd (K, p. 191). Thus it follows from (8) that the number of repre- 
sentations is 4s -+ 1 or 4(s +5) according as s is even or odd [K., p. 192, 
(8)]. If we discard J’) as belonging to the ablgera corresponding to the lower 
spin 0, the number of representations would be 4s or $(s + 3) according 
as s is even or odd. 


To determine the order d; of the representation I’; in (9, a) or (9, 5), 
we write the set (A)= (A,,...., Ag)as (AU=....=A= 1; Ay ,=....= Az= 0), 
and use (6,4) or the second equation of (6,6) respectively (since iz 0): 
In evaluating: the expressions IT (/;2 — 1,2) and IT (7? 1") appealipoaine 
(6), it introduces simplification if we notice that in the SCQuenCeM law en 
Iz) or (1;", [y',...., Uy’) there is a gap between J; and /;41, Supply this missing 
term, and compensate by dividing by the product of the additional Squared 
differences. This procedure leads in the case (6, a) to 


H th (2k+.1) (2k— 1)... 1 
ie) \ieee arith HOR ITE (ARN QK 2) 1 ae 
+1 2K—-2i+2)....2k-i+1} (k—)! (k-H41)....Qk—20) 
(kei 
er (2k—i-+ 1) ! 
é Raye kal 
Res di be re a ) 


l 


(10) 


ase n= 2k when we use the 
k, gives, in this case, the order of 


The same result is obtained in the ca 
second equation of (6,5). Putting 7 = 
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2k : , 
I; as ( k ), so that each of the twin representations has the order 


t(e)=3 Ga Heap) 


The relation 


ee LG" ; 
shows that two representations of (s — 1) generate one of s. Also,’the relation 
OS ol AOE Fs 
kAS Tf ( k ) 
shows that the order of each of the twin representations for odd s is equal 


to that of the highest representation of (s—1). These results are in 
accord with those contained in Kemmer’s paper (see K, p. 194). 


We shall next consider the generalised algebra of spin 3/2 with’s 
symbols 8,. The Supe ea are given by AX AXA, and vag (9) 


and writing A X A= z I, we have (for n =2k +1) 


PORTA A = by A Xalg= 2 AX TM Or 


i=0 


“Analysis by rule (5) leads to 
k 
AXAXA= 2 (k—i+1)l@‘@r: (11) 
‘ 1) 


Thus for even s, there are (k + 1) representations given by I(3)i (yi 
(i= 0,....,k), ie., 4s +1 just as in the meson algebra. For the case of 
“odd s the number of representations is again k + 2 = $(s + 5) as in the 
meson case since the representation Is) is the sum of two twin repre- 
sentations I"@e and I"(3y. Discarding in this case I(4)* as belonging 
to the lower spin 3, i.e., to the s-element. Dirac algebra, the number would 
be 4s or 4 (s+ 3). | 

To determine the order of the representation J s)i qi, we write 
Nee Ae ee ly = 3/25 Nat =i Ag = 4, and “use: (6). 

(i) s even, n odd = 2k +1; (6, a) gives 


92k +1)! @ ta eS) 
i= 7 Qk—-itl)t\2k—-it+2 


le dC CH 2 CHG} eo 
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(ii) s odd, n even = 2k; the first equation of (6, b) gives (since /z 0) 


ee OAD ke) tee 2k ee) 
i=" Ok Sal cht del 


-24CB)- Gaye (CP) (ADE op 


Equations (12, a) and (12, 5) are simple generalisations of (10) to the case 


of spin #. 


That the order of the twin representations for odd s is equal to that of the 
highest representation for (s — 1) also follows-immediately from the identity 


2 (Gea pap ee Gb a) 
which can be easily verified. 


For the special case of s = 4, i.e., the usual case of four 8,,’s the equa- 
tion (12. a) gives the orders of the three representations (corresponding to 
i =(0, 1, 2) as 4, 16, 20 (see reference 8), and (11) gives the analysis of the 
triple product of A into these components. Since in this case the wave 
function in (1) is an undor of rank 3 with 4% = 64 components, equation 
(11) can be expressed by saying that the undor representation for spin 3 
contains the 20th order representation once, the 16th order twice, and the 
Dirac representation thrice, giving the check by degrees, 


64 = 204+ (2 x 16) + (3 x 4). 


For the general case of s elements also we can obtain the correct check 
by degrees using (11). Writing A = I(t, (6) gives the order of this basic 
- representation as 2° (both for n odd or even). (11) shows that Tayi Qe 
is contained (k — i+ 1) times in AX AXA, and considering n = 2k + 1, 
(12, a) gives the sum of the orders of the (k + 1) representations (including 
the Dirac representations) as 


B (k—-i+ 1)-2# C " hs (Zitoh yy 


nol 


ae i—1] 
= 2° (n Co tnC, +....+n C;) 
= $:24 (Co -n oe ..+nC,) since n is odd, 


1.94. 224+ 1 — 234 


which is equal to the order of the direct product 
of order 2°. i AX AX A since A is 


For the case n = 2k, a correct check b 
; y degrees using (12, 4) requires 
that the representations I; (r= (es rE PT — 1) should each appear twice as 
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many times as they do in the case n=2k-+1. The same situation also 
holds in the meson case as can be seen from the table given by Kemmer 
(K, p. 195). 

4. ALGEBRA #0R SPINS 7 AND 7 + 4 


The derivation of the representations for r= $ from those of r = 


aul 
Suggests that a typical representation in the general case of r and r+ 1 
would be of the forms ; 


FARAH layhs tie (Dirair @r (spin 7) (13, a) 
and, 
Pani (r—4)'1—!e, oe (grav (4)!r (spin r ams 3) 13. b) 
labelled by r indices i,, i,,....i, (i; Siz B.... Bi, SO) taking. the values 
oe) os (et) ee as | 
ye Aen ee ij f (14) 
i 0 Saag eee ly | 
Se 0, eee ene (k ara! 1) J ; 


The restriction of the values of i, in (14) from 0 to (k — 1) instead of 
0 to k serves to eliminate those representations which belong to the lower 
spins (r — 1) and (r — 3) as can be seen from (13, a) and (13, 5) respectively. 
It is also to be noticed that the order in which the representations are 
numbered by the suffixes /,, i:,....i,1n (13) is different from the order adopted 
fret ienpariicular-caseor 7 — 1:~ In fatt> putting’ i, — =" 277 = 0, 
the representation denoted by the single index 7, would correspond to I -i, 
in the notation of the previous article. We shall however denote the repre- 
sentation given by (13) as J%,,i,....i, and derive the total number of these 
for the spins r and r + 4. It is obvious that the number is the same for 
both the spins. 


This total number is the same as the number of ways of choosing the 
indices subject to the conditions (14). For a given i; the index /;,, takes 
on (i; +1) values, viz., (0, 1,...., i;) while i, takes on & values, viz., 
(0, 1,....4 —1). Thus the number required is the number of ways of 
choosing r things out of (r + k — 1), and hence 


| pees 
number of representations = t* of . ) (15) 


We shall add a proof by induction. Assuming the truth of (15) for r we 
obtain the number of representations for (r + 1) with the aid of the typical 
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~ 


one (r integral) 
Pars 13; 
Pi -iyk ia (pirie,. . (yirts ( ) 
Me Uy oh Fee os a a gal ; 
( 2 ), since in (13, c) the index %, assumes values from 0 to i. But 


i= 0 


é t=a \ if 


EAC ek Gai 
k 


= a (eae = é Shae ')} using nC,_, =(n + 1) C, — nC, 


=(F5-) fi (4 1) 
= (‘ y i) since the second term vanishes 


which is (15) wth (r + 1) in place of r. Also (15) is true for r =1, and hence 
the validity of (15) is proved for general r. 


The representation of the highest order is given by putting 7, =i, =.... 
=i, =0 as I or Iv+4*, and in the case n =2k, this is a two-valued 
representation which is the sum of two irreducible inequivalent ‘ twin’ repre- 
sentations of equal orders. Thus we have (both for spins r and r + 4) 


Gi)fors even —s 4-12 eae 
: _fk+r—1\ _¢s4+r—-1 
no. of representations =( - ) =( , ) (15, a) 


(ii) for s odd, n =s +-1 =2k, 


no. of representations = ee 7 a 5) loss e ect ” *\4 1 (15, 5) 


I 

In the usual case of s =4, i.e, k =2, (15, a) gives the number as 
iy 

( ; jar + 1). For r =1, we get the results already obtained for the 


meson Case. 
Next to determine the order of the typical representation I; i i,? 
we consider the cases r and r -+ } separately. ae 


Case (i)—Spin r (integral)—For the representation (13, a), the (A)-set 
is given by the scheme . 


(A) SAR gee Fest tl ae tee emer Foe sco be (8 Ree 21) (16-1) 
the successive integers being repeated (kK. == (aegis times 
respectively. Therefore the (/)-set is given by the scheme ‘ti 


l= (k+r=1;... Ar; i+r—2,. - ny Ig“ he le pt eos. nls 0) (17:1) 
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(a) i= 2k a 1.—We use (6, a), and introduce in the sequence /,’ the 
ee is (Gj, +r—}), (i, +r —8),.... while forming the product 
IT (1,/? — 1,'*), and then divide by the additional factors thus introduced. 


This gives, after some easy simplification, the order of the represent- 
ation as 


: (2k + 2r—2p +1)! A (ip tr—p+ 9% 
i, ip, ....4, = =—-—_—_ 2 eee LBS “ae 


Hi iy-¥ p= 1) TT (k+i,+2r—p)! 





(18, a) 


where A will be used hereafter to denote the difference product. We can 
transform (18, a) to an elegant determinantal form by writing 


@, tr—p+4)—-—@t+r—-qt+h)=-—i,+¢-Y)-Kk-i4+7-) 
and, 
eee) Ug 9 tae Rit te + 2h g) oki tpt p— 3) 


and reducing it to a form in which there are only products of factorial expres- 
sions both in the numerator and denominator. This reduction gives 


ENCES (EE 
di-ig iv = G S mene) @ ae ) sa " ages (19, a) 


tia Aaa? obits aah an. 4. @ 0. Sis © 6,6 6 248. FNP Ey ay 65S. 8 6Ce OOS P- CAe Ee Eh OReTk 


k seen 1) k carne k ») Gord) 





which is a determinant of the r-th order. In the abbreviated form | az | 
of a determinant the element in the p-th row and q-th column of which is 
Ap, We can write 
Bee bok or = 2p + I | 20 
1 | | alent ) ( , a) 
(OY hi 2 k.—We use the same (A) and (/)-sets as in (15, a) and (17, a), 
but the second formula of (6, b) since /z = 0. This gives 


TT (2k + 2r—2p)! Alig +r—p)} 
p=1 eo - SS ice - (18, b) 


Pac 








At, ta. ceeip = 
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or in the determinantal form 
AF ey filekiipbs ame) Gide hing 
( k—i, IRR LS 0 Ne eee 


2k + 2r—4 elaine (carves) 
dit i = eke ae ( big PONS 2) 9b 


0 oie 6.6.06 9% 0 0s 6.8 0) © 0.0.0 B64 618 6.8 One 9) e) p OS 8 eRe eee See 


(, _ pict ves € i} (, _ i r+ >) (;. athe 


a determinant again of order r which can be abbreviated as 
Bema Dp ees ad ge 

Case (ii).—Spin (r + 4) (half-integral)—For the representation (13, )) 
the (A)-set is given by 

(A) (Fe By 6 FERS Bes eo ee, Le 
the successive half-integers (r + 3), (r — 4),...., } being repeated (k — ii), 
(i; — i), ...., 7, times respectively. Therefore from (7) the (/)-set is given by 

(/) ==(Ka fo; ov iytr+33 ig r= cle9 lah T7335 133-1 #5. oe) + 3) (17-2) 

(a) n=2k + 1.—We use (6, a) and proceed as in the case of integral 

spin to derive 


f 


(k+2r2p+ 1)! A (istr-p+1)3} IT (2ig+ 2r—2p+ 2)! 





dj,....i, = jG (21, a) 


I (k—iptp—D! IL (k-+ip+2r—p+1)! 


Comparing this with (18, a) we notice that (21, a) has an additional factor 
appearing in the numerator, and in the transformation to the determinantal 
form we also use 


(2ipt 2r— 2p +2) = (K+ ipt 2 —pt1)—k—-H p= DH, 
and this leads from (21, a) to the expression 
(oe eee ae 
k—i,+q—p )| 
The 2” determinants in the summation in (22, a) are derived from (20, a) 
by diminishing the indices i;, i,,...., i, by one, one at a time, two at a 
a time, and to on, and attaching the + sign according as the number of 
indices decreased by one be even or odd respectively. In other words the 
several determinants in (22, a) are derived from (20, a) by diminishing by 


Gh tase. ipa Da oe ide (22, a) 
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one the expression (k —i,-+q—~p) in one column, two columns, and so 
on at a time. It might be observed that the summation in (22, a) is analo- 
gous to that on the right-hand side of (5). 


(6) n = 2k.—The (A) and (/)-sets are the same as in (16-2) and (17-2) 
but we use the first formula of (6, 6) since /,+0. This gives 


I (2k-+2r—2p)! A (ptr—pt+4)} I (2ip+2r—2p+1)! 
Zee ya r 2=5 : pat = (71. b) 
p=1 p=1 





In terms of determinants this reduces just like (22, a) to 
ne . _ 9h Ch etie et 
Feet | pee et (22, b) 


The orders of the several representations given by (20) and (22) can be 
expressed in terms of s by using (8). 


5. DISCUSSION OF RESULTS 


The representations of the highest order are given by setting i, = i, 
=....=i,=0 in the fromule of the previous section. We shall denote 
these by d‘, and derive the relation between d®,* and d*? when s is 
odd. From (18, 5) 


TI (2k +27 — 2p)! {A (r — p)?} 
IT (K+ p— 1)! IT (k+ 2r— p— 1)! 


Again, from (18, a), putting 7, = 0, and changing k into (k — 1) 
Pier of als) TA AG — Pt $)} 


(r, C38 ee —< 
imax 


Pie) 1 IL (kA. or — p 1)! 





2)- 
d= 





Now, 
r—1) 
ure) =  — 4) 11 C= 2p — 1)! 





and 
A(r—pt+)%= H Qr—2p)! 
Hence 
dee TT (2k + 2r — 2p) Gee diit. nay Gd or lon y 
de» Ik +p—1) i @r—2~) etn) 
Thus, 


dit) = din (23, a) 
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In general, therefore, the order of each of the twin representations for odd 
s is equal to that of the highest order reprsenetation for (s — 1). Ina 
similar way, using (21, a) and (21, b) we can show that for n = 2k (s odd) 


Gute od dee (23, b) 


A simpler proof is also possible using (20, a) and (20, 5). 
For the usual case of four elements 8,, i.e., s = 4, formule (18, a) and 
(21, a) give the dimensions of the representations for spins r and r + 4 by 
putting k = 2. Considering (18, a) first, let us take the choice of indices 
given by 
beat... SH li yap... =e (24) 
This gives after some simplification 
day (oy = 4 (r +3) G +1) Gr = 27 1) er) 
Changing / into (r — j), this gives 
day-i OF. = 3 Qr+3)7—-FJ+DQ4+00¢4+/+4 2) (25) 
We can replace in this r and j by the indices A,, A, and the general representa- 
tion for spin A, characterised by (A,, A.) where A, takes on values from 
0 to A,, has therefore the dimension 


Ary, = & (2 Ay + 3) (Ay — Ag + 1) (2 AQ + 1) (Ay + AQ + 2) 
= $ (1 + 8) (et 2) Ai — Ag + 1) (A, + Ag + 2) (26) 
which is identical with the formula in M. p. 314 for the case n=S, 


k = 2. It can be shown that the substitution (24) in (21, a) also leads to the 
same formula (26) with A, =r-+ 4, A, =/j. 
6. SUMMARY 
It is shown that the results obtained by Schrodinger, and Kemmer for 
the s-element meson algebra also hold for the generalisation, to s elements 
of the algebra corresponding to general spins r and (r + 3) previously ot 
up by the author. The representations of this algebra are obtained by 
analysing the direct product of the basic representation of the rotation 
group of (s + 1) dimensions with itself taken 27 or 2r +1 times Th 
total number of representations (excluding those belonging to lower s in ; 
is obtained as (k +r —1)C,or(k +r — 1) C,+1forn=s5+1] a: 2 
or 2k respectively, both for spins r and (r + +). The order of at Ee 
representation Specified by r indices i, i,, .---,Ty 18 ‘given in a - hy 
determinantal form in the four cases of n=2k +1 or 2k, and Mie 
r or (r+ 4). Itis also shown in general that the twin es a 
odd s has the same order as that of the highest one for (s — 1) a NE 
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The method of the paper leads to an alternative derivation of Kemmer’s 
results for the meson case, and to equally simple results for the generalised 


s-element algebra of spin 


ae oan oo 
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